SUPPLEMENTARY MATERIAL FOR SecureHDC-FL: ADDRESSING DATA
HETEROGENEITY IN ENCRYPTED FEDERATED HYPERDIMENSIONAL COMPUTING

Xiangyu Hu'%3, Jingwei Chen'*3, Wenyuan Wu'*3, Yong Feng"??3

! Chonggqing Institute of Green and Intelligent Technology, CAS
2 Chongging School, University of Chinese Academy of Sciences
3 Chongging Key Laboratory of Secure Computing for Biology
{huxiangyu, chenjingwei, wuwenyuan, yongfeng } @cigit.ac.cn

1. BACKGROUND

In this section, we introduce the fundamental concepts of Fed-
erated Learning (FL), Hyperdimensional Computing (HDC),
and Homomorphic Encryption (HE), which play an important
role throughout this paper.

1.1. Federated Learning

Federated Learning (FL) is a decentralized machine learning
paradigm that enables multiple data owners to collaboratively
train a shared model without exposing raw data [1} [2]. FL
maintains data locality and mitigates privacy risks associated
with centralized data storage by performing training on each
client device and exchanging only model updates (e.g., gradi-
ents or parameters). A typical FL training round consists of
three stages [3]:

(1) each client trains a local model on its private data and
computes updates;

(2) the server aggregates these updates, commonly using
Federated Averaging, to form a new global model,;

(3) the updated global model is distributed back to the
clients for the next round of training.

Although FL aims to protect privacy, it remains vulnera-
ble to various inference attacks, especially in the presence of
semi-honest or malicious adversaries [4]]. These limitations
motivate the incorporation of cryptographic techniques such
as homomorphic encryption into FL.

1.2. Hyperdimensional Computing

Hyperdimensional Computing (HDC) is a brain-inspired
computational paradigm that uses high-dimensional holo-
graphic hypervectors to represent and process information||5].
The core idea is to map data into a very high-dimensional
space (often with thousands of dimensions or more) and per-
form operations on vectors (e.g., addition, multiplication,
and binding) to carry out computation. In supervised clas-
sification tasks, HDC encodes input data into hypervectors,
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learns prototype hypervectors for each class during training,
and classifies new data by comparing the similarity (e.g., co-
sine similarity) between the query hypervector and the class
prototypes[6]. The model performance can be further im-
proved through retraining. Major advantages of HDC include
computational efficiency, robustness to noise, suitability for
low-power hardware (e.g., edge devices), competitiveness
with deep learning in many tasks, as well as interpretability
and ease of update.

Given a labeled dataset S = {(x;,y:)},, where x; €
X CR"andy,; € {ck}szl denotes the class label, the stan-
dard HDC workflow typically comprises four key stages[6]:
encoding, training, inference, and retraining.

Alternatively, given a labeled dataset D = {(z;,y;) } s~
where #; € R™ and y; € {c;}1—,', the HDC pipeline still
follows these four stages[6]: encoding, training, inference,
and retraining.

Encoding: The goal of encoding is to map each sample x;
into a hypervector ¢(x;) € R, where d is the dimensionality
of the encoded hypervector. In practice, the following two
encoding methods are commonly used, and are also adopted
in this paper.

Random Projection Encoding[7)]:

h; =sign(®,-x;), j=12,...,d (1)
where - denotes the inner product and sign(-) is the sign func-
tion. This results in a hypervector representation ¢(x;) €
H C {—1,1} for each sample x;.

Nonlinear Encoding[i8l]: Sample row vectors b; € R",
j=1,2,...,d, from a Gaussian distribution A'(0, 1) to con-
struct a projection matrix B € R4*". For each j, also gen-
erate a random offset 5; € [0,2x] from a uniform distri-
bution. For a sample x;, the encoded hypervector ¢(x;) =
(h1, ha,...hg) is computed as:

hj =cos(b; -x;+5;), j=12,...,d )

Thus, the hypervector representation is ¢(x;) € H C
[—1,1]%



Training: After encoding, training is performed by accu-
mulating hypervectors belonging to the same class. Specif-
ically, each class cj is represented by a class hypervector
¢(cy), obtained by aggregating all hypervectors of samples
with label y; = cg:

dlcr) = P o(x) 3)

i:yi:ck

where € denotes the accumulation operation in HDC, typi-
cally vector addition.

Inference: In the inference stage, the goal is to classify a
query sample x,. First, encode x, into a query hypervector
¢(x4) using the same encoding method as in training. Then,
determine its class by computing similarity with each class
hypervector:

k* = argmax 5(¢(Xq)7¢(ck>) “)
ke{1,... K}

The similarity measure §(-,-) quantifies the closeness be-
tween two hypervectors. For example, cosine similarity is
commonly used:

_ _0(xq) - dlen)
6(p(xq), d(ck)) = G b (el ®

Retraining: Retraining is used to improve classification
accuracy by dynamically adjusting class hypervectors. The
idea is to strengthen the representation of the true class and
weaken that of the misclassified class when misclassification
occurs. Suppose a training sample x; with true label cj is
misclassified as c,:

p = arg §nax§ (6(cr), p(x4)) 6)

where 0(-, -) measures hypervector similarity. To correct the
error, update both the true class cj, and the predicted class c,,
with a learning rate 7 as follows[9]:

P(ck) < d(ck) +7- (1 =0 (p(ck), ¢
p(cp) + (cp) — 7 (1 =6 (d(cyp), p(x:))) - P(x:)-

1.3. CKKS Scheme

Fully Homomorphic Encryption (FHE) is an encryption tech-
nique that allows computations to be performed directly on
ciphertexts without decrypting the underlying data, thereby
becoming a key technology for privacy-preserving computa-
tion [[10].

Currently, most FHE schemes are based on the Learn-
ing with Errors (LWE) or Ring Learning with Errors (RLWE)
problem, and they can be broadly divided into two categories:
SIMD-style and single-value style. These two types differ
significantly in how data is organized and in their computa-
tional characteristics.

* SIMD-style (BGV [L1], BFV [12], CKKS [13]]): These
schemes support vectorized encryption, meaning that
a single ciphertext can encrypt multiple data elements
simultaneously while supporting element-wise opera-
tions (e.g., addition and multiplication). Among them,
BGYV and BFV are primarily designed for integer com-
putations, while CKKS supports approximate computa-
tions and can efficiently handle floating-point numbers,
making it particularly suitable for privacy-preserving
machine learning and data analytics.

 Single-value style (FHEW [14], TFHE [15]): These
schemes are mainly designed for Boolean or integer
computations, where each ciphertext encrypts only a
single value. While they enable efficient evaluations
of logic circuits, they incur higher storage and com-
putational overhead when processing high-dimensional
data.

Since this work involves high-dimensional vector and ma-
trix operations on ciphertexts, as well as support for floating-
point arithmetic, we choose the CKKS scheme [13] as our
FHE implementation. CKKS not only supports SIMD op-
erations and approximate real (or complex) arithmetic, but
also enables efficient real-number computations, thus reduc-
ing both computational and communication overhead while
preserving privacy.

Ciphertext Structure: In CKKS, a ciphertext is repre-
sented as a pair (b,a) € Ry, where R is the polynomial ring
Rg = Z[X]/{X"N +1,Q). Here, N denotes the dimension of
the ring, and () denotes the ciphertext modulus. The semantic
security of CKKS is based on the RLWE assumption [16].

CKKS allows packing up to £ = N/2 complex (or real)
elements into a single ciphertext and supports SIMD-style ho-
momorphic operations over them.

For z = (x;)o<i<s and y = (y;)o<i<e. let ct.z and ct.y
denote ciphertexts obtained by encrypting x and y under
the same public key using CKKS. In addition to encryption
(Enc) and decryption (Dec) as in conventional public-key en-
cryption, CKKS supports several basic ciphertext operations,
such as addition (Add), ciphertext-ciphertext multiplication
(Mul), plaintext-ciphertext multiplication (CMul), and rota-
tion (Rot).

» Add(ct.z,ct.y): Dec(Add(ct.x, ct.y)) ~ = + y.

* Mul(ct.z, ct.y): Dec(Mul(ct.z,ct.y)) =~ z oy, where
o denotes element-wise multiplication.

* CMul(m,ct.z): Dec(CMul(m,ct.x)) ~ m o x, where
m is a message vector, with m € C*.

* Select; j(ct.x): transforms ct.z = Enc(zo, ..., z¢—1)
into a ciphertext encrypting (0, z;, Z;11,...,%;,0).
This is essentially equivalent to CMul(m, ct.z), where
m=(0cZ 1 1ezi~H 0ezti7).



* Rotg(ct.x): transforms ct.x = Enc(zy, ...,
anew ciphertext encrypting (z, ..., 2Z¢—1, Zo, - - - ,

Z¢—1) into

Leveled CKKS Scheme: To improve efficiency, CKKS
employs the Residue Number System (RNS) to decompose
the modulus @ into a product of smaller primes ¢;: Qr =
qoq1 - - - qr- This decomposition enables computations to be
performed within smaller number ranges, thereby reducing
the overhead of large integer arithmetic. Each homomorphic
multiplication consumes one computation level, gradually de-
creasing the ciphertext modulus (J,. When the modulus be-
comes too small to support further multiplications, a boot-
strapping procedure can be applied to restore computational
capacity.

2. DYNAMIC WEIGHTED AGGREGATION IN
PLAINTEXT

Algorithm 1 (Dynamic Weighted Aggregation in Plaintext)
Input: Global model G = (G, ...,G¥) ) € RIxK
local model {Lgt)}OSKM with each Lgt)
(L), .. L% ) € RTK, the number of samples

of each client {nl(-t)}ogi< > and two hyperparame-
ters o and f.
Output: Updated global model G(t+1) =

t+1 t+1
(G Gy € ROXK,
1: for j € {0,1,...,K — 1} do > for each class
2: fori € {0,1,...,M — 1} do > for each client

3 S cos(LY), G 50 = (51)) e mAK
is the similarity matrix.
t t t
4 C](.)<-(L§3,L(1;7...,L(A}7Lj)eRdxM
> (' is a collection of the j-th category hypervectors

lmm all clients.
5: S®) « softmax(S*)

6: N « ZO<1<ZM nt"

(t) ()
7: Mnorm — N<t> (g’ myl )

data quantity weights.
8: Nporm < (nnorma cee ;nnorm) €
9: W4 a - Nyom + (1 — ) - S ¢ RMxK
10: for j € {0,1,..., K —1}d0
1 L G oy,
of W
122 GUHY  3.GUHD (1 - B)-GW
13: return G(+1)

> Act on the columns of S(*)
c RJWXl

> Nporm 18 for

RMXK

€ RM is the j-th column

In Algorithm[I} we measure consistency between local client
parameters and global model parameters using cosine simi-
larity (Step [3), which is normalized via softmax (Step [3)) to
mitigate heterogeneity effects. The resulting S = (Sl(tj))
are the similarity weights. Additionally, we compute data
quantity weights (Step [7)) to balance contributions from each

Th—1).

client. A tunable hyperparameter « is introduced in Step [9]
to control the relative importance of these two weighting
factors. Finally, the server aggregates local models through
a weighted average using these combined weights, incorpo-
rating an EMA update (the global model from the previous
round) [17] to reduce oscillations and prevent instability. The
global model G evolves dynamically across rounds, with cor-
responding updates in similarity scores S and aggregation
weights . We refer to this process as dynamic weighted
aggregation.

In dynamic weighted aggregation, o is used to balance the
similarity weight and the data volume weight, while /3 con-
trols the strength of the update for the global model. We per-
form a grid search over o and 8 within the interval [0, 1], and
select the optimal values based on validation performance.
This procedure is consistent with the common practice of hy-
perparameter tuning in machine learning.

3. THEORETICAL ANALYSIS

3.1. HDC Federated Learning optimization framework

The training of the HDC model is equivalent to minimizing
the empirical risk with a loss function, where optimization
can be performed using SGD or its variants[18]. In the fed-
erated learning scenario, training data is distributed across M
clients, and each client m can only access its local dataset
D,,. Denote the set of samples from client m belonging to
class k as

Dm,k = {(:Bm,k,,jyynL,k’,j)};‘L;bik (8)
and define its local empirical risk as
1 Nm,k
Fin i (0) = P L(6; (Tm kg Ymkj)  (9)

where

L0 (T ke js Ymok.j)) = max (0, —Ym ki 0 T kj)
(10)

is the loss function and @ denotes the model parameters. The

global optimization objective aggregates the local losses from

all clients and classes as

M K
=D wmiFui(6) (1)

m=1 k=1

where wy, ;, > 0 is the aggregation weight for client m and
class k, subject to

M K
SN wmp =1 (12)

m=1k=1

The goal is to minimize the weighted empirical risk, formu-
lated as
0" = arg mein F(0) (13)



The aggregation method proposed in this paper defines the
aggregation weight as:

Wik = OPm g + (1 — @) Sk (14)
where @ € (0,1) is a trade-off parameter. Here, p,, s de-
notes the normalized data size of client m for class k, and
Sm,k» as defined in the algorithm [T, measures the similarity
between the local and global model parameters for this class.
For simplicity, we merge the client-class pair (m, k) into a
singleindex 7 = 1,..., N, where N = M K, and rewrite the
global objective as:

s)

N

In addition, to enhance convergence stability and suppress os-
cillations, an EMA mechanism is further introduced after ag-
gregation. The update formula is

G =Gl + (1 - B)G» (16)
where Gggl) is the model obtained from the current round of

weighted aggregation, and 8 € (0, 1) is the EMA coefficient.

3.2. Theoretical Assumptions

Assume that each local objective function Fy(-) satisfies the
following standard conditions:

e L-Lipschitz smoothness (L-smooth): There exists a
constant L > 0 such that for any u,v € R4, we have
IVFy(u) = VE(v)]| < Llju = .

* p-strong convexity (u-strong convex): There exists a
constant ;> 0 such that for any u,v € R?, Fj,(u) >
Fi(v) + (VFy(v),u —v) + §lu — o[

* Bounded variance: For each client-class pair (m, k), let
N,k denote the total number of local samples. In each

round, by, = TN,k Samples are randomly selected
with a sampling rate r, denoted as {&,, x ]} ™. Then,
for all
1 bk 2
E B Z VEn k(60 &mk) — VEnk(0)| < U?n,k?
m, =1
2
o
O',,Qn)k = bi (17)
m,k

s

where o2 is the per-sample gradient variance bound.

e Uniformly bounded gradient: The expected squared
norm of mini-batch stochastic gradients is uniformly

bounded: For all mini-batches {&, J} ™" at client-
class pair (m, k) and for all @ € R?

2

> VEni(B:&miy)| <R* (18)
=1

3.3. Convergence Analysis

To systematically characterize the convergence behavior of
the global model under a dynamically weighted aggregation
strategy, we present the following theoretical result.

Theorem 1 Under the assumptions given in section[3.2} after
T executions of Algorithm[l) the global model satisfies

2k | B Eu 9
2L + —/— — w*
WT[ ( +4)w0 “’”}

Lip v =

E[F(wr)]—F* <

where F* is the global optimal value, k =
max{8k, F'}, and

B2 2
3:25_52[ Vp +2a(l — a)Vps + (1 — a)?V]
(19)
M—M 4
2 2 % 22

+6LT +8(E — 1)°R* + ——— M,ER (20)
V sz [ szsz 0; Vs = ZSZQ 127 (21)

N N
A, = F* — qu;Fi*, A, = F* — Zs,-Fi*, (22)

=1 =1
I'=ad,+(1-a)A,. (23)

FE is the number of local SGD steps per round, M is the
total number of clients, and M’ is the number of clients par-
ticipated in the executions.

As shown by the above result, SecureHDC-FL achieves a
convergence rate of O (%) Furthermore, the optimal inter-
polation coefficient a* satisfies

o CMVe= Vo) +3L(A = 4A) B

_ = 24
@ v, v vy T @
Furthermore, 1f e XP < % < Z {2, , we have o* €

(0,1), which theoretlcally achieves the optimal balance be-
tween variance and bias. This upper bound on the conver-
gence rate is tighter than that of using either py, or s; alone as
aggregation weights.

Since weighting by data volume usually outperforms uni-
form aggregation, and our approach further improves upon
data-volume-only weighting, our method thus achieves a
strictly better generalization error upper bound than uniform
aggregation.



Further Analysis. For completeness, we now provide de-
tailed analysis of the variance—bias trade-off, EMA smooth-
ing, and optimality conditions that underpin Theorem 1} The
following content was previously presented as supplementary
material, but is integrated here for clarity.

3.3.1. Inequalities for Aggregation Variance
The aggregation variance can be written as

N

2 2
E w; o5,

=1

Var(a) = (25)

where w; = ap; + (1 — a)s;, and p;, s; are two types of
normalized weights. Expanding, we have

Var(a) = oV, +2a(1 — a)Vps + (1 = @)?V,,  (26)
where
V sz 05 Zplslo-z7 V 282 2. (27)

By the method of Lagrange multipliers, it can be shown that
when p; = 3t (i.e., weights normalized by data quantity), the
aggregation variance V), is minimized among all normalized
weights. For any similarity-based normalized weight s # p,
by the Cauchy-Schwarz inequality, V}, < V,,; < V.

3.3.2. Inequalities for Aggregation Bias

Let
N N
=Y piF, A =F =) siFr, (28)
i=1 i=1
where F* = min,, F'(w) and F = min, F;(w). Here,

s; denotes the normalized similarity between the local HDC
class vector and the global class vector. The closer the local
class vector is to the global optimum, the higher the simi-
larity, and the local optimum F}* usually gets closer to the
global optimum F™*. Therefore, s; and F'* — F;" are negatively
correlated. By the rearrangement inequality, A, < Ap.ie.,
similarity-based weights s; lead to smaller aggregation bias.

3.3.3. The Variance Reduction Effect of EMA Smoothing

Given aggregation weights w; = ap; + (1 — «)s;, introduce
an EMA update after aggregation, with the update rule:

G = G + (1 - )G, (29)

Assume Gdgﬂ) and G*) are approximately independent. Re-

cursively, the variance of G(**+1) is

Var[GUY] = 82Var[G{F V] + (1 — B)*Var[G]. (30)

Let gy, = Var[Ggégl)], then at steady state:
B 2 B,
Varpom = mo—agg = ijaggv 3D

hence reducing variance and improving stability.

3.3.4. Convergence and Optimal Trade-off of Dynamically
Weighted Aggregation

In federated learning with non-i.i.d. data and partial client
participation, existing theory shows [[19}18]]: Let

K= — = max{8kx, E N = ———.
/_,L’ ,y { ) }’ ]t /_L("Y + t)
The convergence rate satisfies:

2k | B Epu 2
WT[ <2L+4)wo “’”}
(33)

where T is the number of communication rounds, and other
symbols are as above. For dynamically weighted aggregation
with w; = ap; + (1 — a)s; and EMA smoothing, the overall

(32)

E[F(wr)]—F* <

variance term should be multiplied by % Thus,

B = 2 [0+ 2001~ )V 4 (1 @)V
+6LT(a) +8(E —1)?R* + ]]\;fl(f{E?R? (34)
where
T(a) =ad, + (1 —a)A, (35)

The above bound is a strictly convex quadratic function of a:

B(a) = C(V, — 2Vps + Vi)a?

+ [C(2V,s — 2V,) + 6L(A, — As)] a + others.

(36)
The minimizer is
o OWi— Vo) +3L(A —4)
C(Vp_2vps+VS) ’ _25_ﬁ2.
37
It Voe—V, 3L V.-V
s T 28 T T ps
A;b*As < C = /1107‘/457 G

then a* € (0, 1), achieving an optimal trade-off. The interval
endpoints are strictly ordered, i.e.,

Vps - V < Ve
Ay —As Ay —
because A, > A, and

Vps
Ay’

(39)

N
(VS_V;DS)_(VIJS_VP) =

=1

(40)

)

V=2V, V, = Z(si—pi)Qa? > 0.



This condition is commonly satisfied by ensuring that the
model’s smoothness, variance, and bias terms are of similar
order, which can be achieved by tuning loss weights and
regularization terms.

4. ERROR BOUND FOR APPROXIMATION OF 1/X

This section presents the mathematical derivation of the er-
ror bound for the quadratic polynomial approximation of the
function f(z) = 1/z as mentioned in the main text.
According to numerical analysis theory, for a function
f(z) on the interval [a, b], the best n-th order polynomial ap-
proximation P (x) has the following error bound:

x [fD ()]

(41)
In our case, we use a quadratic polynomial (n = 2) to ap-
proximate the function f(x) = 1/z over the interval [a,b] =
(AL, Me].
First, we compute the third derivative of f(z) (i.e., n+1 =
3):

max |f(z) - P,

)l (b a)71+1
z€[a,b] -2

ntl(p + 1)! ge[ b]

6

/ '"(95) = A

Its absolute value, |f"(z)| = 6/x*, attains its maximum at
the left endpoint £ = M /e within the interval [, Me]:

" _ 6 _ g
|f (£)| - (M/e)4 T M4

maX
EE[* Me]

Substituting this result into the error bound formula, we ob-
tain:

1 1 6e* Me—M/e\*
’EiPQ(x)‘ S@o <M4> < 2 )
1 et _
:@'M'(e_e 13

This result shows that the approximation error bound is
O(45), i.e., inversely proportional to the number of clients
M.

5. ALGORITHMS FOR EFFICIENT ENCRYPTED
MATRIX-VECTOR MULTIPLICATION

This section provides the detailed algorithms for the two effi-
cient encrypted matrix-vector multiplication schemes—Low-
Bandwidth Mode and High-Bandwidth Mode.

5.1. Low-Bandwidth Environment.

In low-bandwidth environments, such as narrowband wire-
less or intermittent satellite links, minimizing communication

is critical, so each client must upload as few ciphertexts as
possible. Under Algorithm [T} the client ¢ must send the ci-
phertexts of Lgt) € RI*K (o the server in every aggregation
round. If CKKS supports packing ¢ real numbers into a single
ciphertext, the client ¢ needs to upload dK /¢ ciphertexts per
round.

Algorithm 2] explains how to compute Step [T1] of Algo-
rithm [I] in this setting. The basic idea is to rewrite matrix-
vector multiplication Av as > R Aj, where v; is the j-th
entry of the vector v and A; is the j-th column of the ma-
trix A. Many HE-based applications, e.g., [20} 21]], showed
that it is efficient. In fact, Algorithm [2] requires at most M
CMuls (StepB), M - log d Rots (Step[d), and M Muls (Step
[6). Before execution of Algorithm@l, we need to prepare the

(Step of Al-
)

input, i.e., extracting C from the inputs L

gorithm ' A naive implementation first extracts L( from

each LE ) and then rotates it into the correct slot. Performing
this for all 7 < K costs KM plaintext-ciphertext multipli-
cations (CMul) and rotations (Rot), respectively. However,

note that each G(H_l) is ultimately stored in the first d slots

of the output. We can therefore rotate each L( ) into its target
position first, and after execution of Algorlthm 2] use a single
CMul to extract the leading d slots. This optimization reduces
the number of CMuls from KM to 1.

Algorithm 2 (Matrix-Vector Multiplication in Low-

Bandwidth Environment)

Input: C](.t) =L ff%,L?;,...,L%}_Lj]
[’wo,w1, .. w]u_l] € RAI'
Output: G;Hl) = C'J(»t) -W; € R¢
G 0 e R
2: fori =0to M — 1do
3: a; < Wjoe;>e; € RM | the i-th element 1 and oth-
ers 0.
for j = 1 tolog,(d) do
L a; < a; + R0t2j (az)
G§t+1) - G§t+1) +a; 0 Lffj)
G§t+1)

€ R>M and W, =

N ok

return

5.2. High-Bandwidth Environment.

In high-bandwidth environments, real-time computation takes
precedence over communication efficiency. As shown in Al-
gorithm (3] we adopt the diagonal encoding method [22] to
improve the efficiency of ciphertext matrix—vector multipli-

cation. Each client locally pre-encodes its parameter L(t)

F(j)k = L( ). 0 €;—k mod M, Where ey is constructed by con-
catenating (Ok, 1,0p7—k—1) along dimension d. The server
aggregates F; ) ;.. toobtain dp =>, F,

th“) Zk di @ Roty(W;). This method requires at most

7 k, and then computes



M +1log(d/M) Rots(a log d reduction over Algorithm2) and
M Muls, which reduces the server-side computational com-
plexity at the cost of linearly increased communication. In
future work, we will further optimize both computational and
communication efficiency.

Algorithm 3 (Matrix-Vector Multiplication

Bandwidth Environment)

Input: Fj(t) = {Fl(?k}géffj\l‘f , where Fl(t])k = Lgt]) o
€i—k mod M € R% and e, € R? is obtained
from p = d/M times repeating of the vector
(O, 1,00—k—1) € RM;

Wj = [wo,wl, e ,’LUM_l] € RM,

Output: thﬂ) = C'J(-t) -W; € R%, where Cj(-t) =

t t t
(L, LY, L) ) € RIXM,
1 GUTY 0 e RY
2: for ¢ = 0 to [log(d/M)] — 1 do> Extend the M-

dimensional W} to dimension d.

| Wj — Wj + ROtQi.A4(Wj)

fork=0to M —1do ;

de(C) « M FY, o di (L) is the k-th di-

agonal vector of (ﬁ'_t.”.

t+1 t+1 t
6 GUTY e GV a0 o Rot (W)

L J
7: return G;Hl)

in High-

BANE
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